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Abstract
In this paper we characterize the convexity of the boundary ∂S of a static (standard) Lorentzian manifold S in
terms of Jacobi metrics. From this result, we also obtain: (1) a characterization of the convexity of ∂S computable
from its “spacelike” part, (2) the equivalence between the variational and geometrical definitions of convexity for
∂S, and (3) a very precise result on existence of geodesics joining a point and a line on S.  2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Our aim in this paper is to characterize the convexity of the boundary of a static (standard)
Lorentzian manifold in terms of Jacobi metrics (Theorems 1.3 and 1.5) following the ideas in [18].
As straightforward consequences, we also obtain:
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(1) Section 3. A simple characterization of the convexity of the boundary of a static Lorentzian manifold
in terms of the convexity of the boundary of its “spacelike” part and the gradient of the warping
function β (Definition 3.1 and Theorem 3.2).
(2) Section 4. A proof of the fact that the variational and geometrical definitions of convexity for the
boundary of a static Lorentzian manifold (Definitions 3.1 and 4.1) are equivalent (Theorem 4.3) even
separately for each causal character (Theorem 4.4). This problem was studied in the Riemannian case
by do Carmo, Warner, Bishop and others (see [6,8,10]). In the Lorentzian case, it was known just that
the geometrical definition implied the variational one, (see [16]). We prove the converse and show in
Appendix A that the result can be extended to the stationary case, at least when no distinction on the
causal character of the geodesics is done.
(3) Section 5. An accurate result on existence of geodesics joining a point and a line for a static manifold.
This problem has been recently studied in several ambient spaces by quite a few authors [1,7,9,11,13]
(see also [14,15]), and our result is the most precise for the static case.
In the remainder of this section, we state our characterization of convexity by means of Jacobi metrics,
Theorems 1.3 and 1.5 (which will be proved in Section 2), and recall the necessary definitions. In what
follows, differentiability will mean C3.
Definition 1.1. Let (M, 〈·, ·〉) be a connected Riemannian manifold and set L=M× R. A (standard)
static Lorentzian metric g on L is defined in the following way: for any z = (x, t) ∈ L and for any
ζ = (ξ, τ ), ζ ′ = (ξ ′, τ ′) ∈ TzL= TxM×R
(1.1)g(z)[ζ, ζ ′]= 〈ξ, ξ ′〉− β(x)ττ ′
where β :M→ R is a differentiable, strictly positive function. The pair (L, g) is said to be a static
Lorentzian manifold.
Definition 1.2. A pair (S, 〈·, ·〉L), with S = D × R, is said to be a static Lorentzian manifold with
differentiable boundary ∂S = ∂D × R if a static Lorentzian manifold (L, g), with L=M× R, exists
such that D is an open domain of M, g restricted to S is 〈·, ·〉L and D ∪ ∂D endowed with the restricted
metric of 〈·, ·〉 is a complete Riemannian manifold with differentiable boundary.
We recall that by the differentiability of the boundary of D, there exists a function φ on M such that
(1.2)


φ−1(0)= ∂D
φ > 0 on D,
∇φ(x) = 0 for any x ∈ ∂D,
where ∇φ(x) denotes the Riemannian gradient of φ at x. As L is static, the function Φ :L→ R given by
Φ(z)=Φ(x, t)= φ(x)
satisfies
(1.3)


Φ−1(0)= ∂S
Φ > 0 on S,
∇LΦ(z) = 0 for any z ∈ ∂S.
Here ∇LΦ(z) denotes the Lorentzian gradient of Φ at z.
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On the other hand, fixed E ∈ R and set
(1.4)V =− 1
β
,
the corresponding (possibly degenerate) Jacobi metric is
(1.5)〈·, ·〉E = (E − V )〈·, ·〉
where β and 〈·, ·〉 are as in Definition 1.1 (the motivation for this definition is explained in Section 2;
see also [18]). We will consider this metric defined just on the open subset where it is Riemannian, i.e.,
where E > V . So, when S is as in Definition 1.2, fixed any x ∈ D ∪ ∂D and E > V (x), we can find a
neighborhood U of x in D ∪ ∂D where the metric (1.5) is well defined. If we choose
(1.6)E >V (x) ∀x ∈D ∪ ∂D
(in particular when E  0) the Jacobi metric is defined on all D ∪ ∂D.
Our main result, to be proved in the next section, is:
Theorem 1.3. Let S = D × R be a static Lorentzian manifold with differentiable boundary. Let
z = (x, t) ∈ ∂S and consider the functions φ and Φ defined in (1.2) and (1.3). Then, the inequality
for the Lorentzian Hessian
(1.7)HLΦ(z)[ζ, ζ ] 0 ∀ζ ∈ Tz∂S
is equivalent to the inequalities for the Riemannian Hessians (obtained by using the metrics (1.5)):
(1.8)HEφ (x)[ξ, ξ ] 0 ∀ξ ∈ Tx∂D ∀E >−1/β(x).
Remark 1.4. If we consider the previous result at every point of the boundary, we obtain a
characterization of the convexity of the boundary (see Definition 3.1) by using Jacobi metrics (where
these are defined).
We can also state causal versions of Theorem 1.3. To this aim we recall that, for any z ∈ L, a vector
ζ ∈ TzL is said to be timelike (respectively lightlike, spacelike) if g(z)[ζ, ζ ] is negative (respectively null,
positive).
Theorem 1.5. Let S = D × R be a static Lorentzian manifold with differentiable boundary. Let
z = (x, t) ∈ ∂S . Then (1.7) holds for any timelike (resp. lightlike, spacelike) ζ ∈ Tz∂S if and only if
(1.8) holds for any ξ ∈ Tx∂D and any E ∈] − 1/β(x),0[ (resp. E = 0, any E > 0).
2. Proof of Theorems 1.3 and 1.5
We recall that the geodesic equations on a static Lorentzian manifold are given by
(2.1)


Dsx˙ =−12 t˙
2∇β(x),
d
ds
(
β(x)t˙
)= 0.
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Then if γ (s)= (x(s), t (s)) is a geodesic, there exists c ∈ R independent of s such that
(2.2)β(x)t˙ = c.
When c = 0 then γ (s)= (x(s), t0), for some t0 ∈ R is essentially a geodesic on M, otherwise, we can
fix a value of c and the following result holds (see [18]).
Lemma 2.1. Let γ (s) = (x(s), t (s)) be a geodesic of S satisfying (2.2) with c = √2. Then x(s) is a
pregeodesic (i.e., geodesic up to a reparameterization) for a Jacobi metric (1.5), where E = E(γ ) is
equal to the energy of γ , i.e.:
(2.3)E = 1
2
g
(
γ (s)
)[
γ˙ (s), γ˙ (s)
]
.
Conversely, if xˆ(s) is a geodesic for a Jacobi metric (1.5) then it admits a reparameterization x(s)
such that (x(s), t (s)) is a geodesic of S , where t (s) is a solution of (2.2) with c=√2.
This result is a combination of two variational principles. The first one, introduced in [18], asserts that
x(s) is a solution with energy E of a Lagrangian system with associated potential V given by (1.4) (see
also [2]); the second one is the classical Maupertius–Jacobi principle (see for example [4]).
By (2.1), it is not difficult to prove that for any z= (x, t) ∈ ∂S and for any ζ = (ξ, τ ) ∈ Tz∂S
(2.4)HLΦ(z)[ζ, ζ ] =Hφ(x)[ξ, ξ ] −
1
2
τ 2
〈∇φ(x),∇β(x)〉,
where Φ is as in (1.3) and φ is as in (1.2).
Now, consider the metric defined in (1.5), which can be written as the conformal metric
〈·, ·〉E = e2u〈·, ·〉
with
u(x)= 1
2
log
(
E + 1
β(x)
)
.
By using the well-known relations between the Hessians of two conformally related metrics (see [5,
p. 58]), we have, for any x ∈ ∂D, E >−1/β(x) and ξ ∈ Tx∂D
(2.5)HEφ (x)[ξ, ξ ] =Hφ(x)[ξ, ξ ] +
〈∇φ(x),∇u(x)〉〈ξ, ξ 〉
where HEφ (x) is the Hessian of φ with respect to (1.5). Substituting u(x) in (2.5), we get
(2.6)HEφ (x)[ξ, ξ ] =Hφ(x)[ξ, ξ ] −
1
2
1
(E + 1/β(x))
1
β2(x)
〈∇φ(x),∇β(x)〉〈ξ, ξ 〉.
Now, we are ready to prove our main result.
Proof of Theorem 1.3. Assuming that (1.7) holds and evaluating (2.4) on the vectors (0,1), (ξ,0) ∈
Tz∂S , we get
(2.7)〈∇φ(x),∇β(x)〉  0 Hφ(x)[ξ, ξ ] 0 ∀ξ ∈ Tx∂D.
Thus by (2.6), inequality (1.8) holds.
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Now we prove that (1.8) implies (1.7). By (2.4), we have just to prove that (1.8) implies the two
inequalities (2.7). For the first one, choose any ξ ∈ Tx∂D such that 〈ξ, ξ 〉 = 1, and a sequence {Em} of
real numbers such that
Em >− 1
β(x)
, lim
m→∞Em =−
1
β(x)
.
By (1.8), multiplying (2.6) by (Em + 1/β(x)), we get
(2.8)
(
Em + 1
β(x)
)
Hφ(x)[ξ, ξ ] − 12
1
β2(x)
〈∇φ(x),∇β(x)〉 0.
Thus, taking the limit as m goes to ∞, by (2.8) we get the required inequality
(2.9)〈∇φ(x),∇β(x)〉  0.
For the second inequality (2.7), take a sequence {Em} of real numbers such that
Em >− 1
β(x)
, lim
m→∞Em =∞.
For any ξ ∈ Tx∂D, by (1.8) and (2.6),
Hφ(x)[ξ, ξ ] − 12
1
(Em + 1/β(x))
1
β2(x)
〈∇φ(x),∇β(x)〉〈ξ, ξ 〉 0.
Thus, taking the limit as m goes to ∞, we get
(2.10)Hφ(x)[ξ, ξ ] 0 ∀ξ ∈ Tx∂D
as required. ✷
The proof of Theorem 1.5 is straightforward by discussing, in the previous proof, the values of E
according to (2.3).
3. A simple characterization of convexity
Given a Riemannian manifold with boundary, it is easy to check that if (2.10) holds for a function
satisfying (1.2) then it holds for any function satisfying (1.2); moreover, this property holds if and only if
the boundary is infinitesimally convex in the sense of [6] (this definition is made in terms of the second
fundamental form, see also [3]). For an arbitrary semi-Riemannian manifold, this last concept is more
subtle (if the boundary is a degenerate hypersurface, the second fundamental form is not defined), but it is
straightforward to check the previous equivalence. As any differentiable manifold with boundary admits
a globally defined function satisfying (1.2), the following definition is naturally given:
Definition 3.1 (Convexity, variational point of view). Let N be an open subset of a semi-Riemannian
manifold. We say that ∂N is convex at x ∈ ∂N if and only if for one (and then for any) function φ
satisfying (1.2) we have
(3.1)Hφ(x)[ξ, ξ ] 0 ∀ξ ∈ Tx∂N .
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Then, as a simple consequence of Theorem 1.3 and its proof we have:
Theorem 3.2. Let S = D × R be a static Lorentzian manifold with differentiable boundary and fix
z= (x, t) ∈ ∂S . Then, they are equivalent:
• Inequality (1.7) holds (i.e., the boundary is convex at z).
• The following two conditions hold:〈∇φ(x),∇β(x)〉 0 (i.e., ∇β does not point outward ∂D)
(3.2)Hφ(x)[ξ, ξ ] 0 ∀ξ ∈ Tx∂D (i.e., ∂D is convex for 〈·, ·〉 at x).
4. Geometric versus variational convexity
A second consequence of Theorem 1.3 concerns the equivalence, for the boundary of a static
Lorentzian manifold, between the previous variational notion of convexity and the following geometric
one.
Definition 4.1 (Convexity, geometric point of view). Let N be an open subset of a semi-Riemannian
manifold. We say that ∂N is geometrically convex if for any p,q ∈ N the support of any geodesic
γ : [a, b] →N ∪ ∂N such that γ (a)= p, γ (b)= q, satisfies
γ ([a, b])⊂N .
This definition is the natural extension to semi-Riemannian manifolds of the notion of convexity
for subsets of an Euclidean space. When S is a Lorentzian manifold with differentiable boundary,
the following causal versions of Definitions 4.1 and 3.1, are given: ∂S is geometrically time-convex
(respectively light, space-convex), if Definition 4.1 holds when applied just to timelike (respectively
lightlike, spacelike) geodesics, and ∂S is variationally time-convex (respectively light, space-convex)
if (1.7) holds for any timelike (respectively lightlike, spacelike) tangent vector.
Remark 4.2. It is worth to point out that in the Riemannian case when M is complete, Definitions 3.1
and 4.1 are equivalent; the proof of this result is given in [6] (whenM has constant curvature it had been
proved in [8]) and, with a different technique and less restrictive conditions on the differentiability, in [10,
Theorem 2.1]. In the Lorentzian case it is not difficult to show that Definition 4.1 implies Definition 3.1,
but the converse has been proved just when inequality (1.7) (for ζ = 0) strictly holds, which considerably
simplifies the problem, see [16, Proposition 4.1.3].
The results of previous sections and the technique in [10, Theorem 2.1] allow us to prove the
equivalence between the two notions of convexity for static Lorentzian manifolds, even in the causal
cases.
Theorem 4.3. Let S be static Lorentzian manifold with differentiable boundary. Then ∂S is variationally
convex if and only if it is geometrically convex.
Proof. Assume that (1.7) holds for the function Φ globally defined by (1.3). Let γ (s) = (x(s), t (s)),
s ∈ [a, b], be a geodesic in S ∪ ∂S such that γ (a), γ (b)∈ S . We prove that
(4.1)γ ([a, b])⊂ S.
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Consider the constant c ∈ R such that (2.2) holds. If c = 0, then x is a geodesic in D ∪ ∂D. As (3.2)
holds, D has variationally convex boundary and, then, x([a, b])⊂D, see Remark 4.2; hence (4.1) is true.
If c = 0, and, by contradiction, s0 ∈]a, b[ exists such that γ (s0) ∈ ∂S , s0 is a local minimum point for
ρ(s)=Φ(γ (s))= φ(x(s)) s ∈ [a, b],
then ρ(s0)= 0 and ρ˙(s0)= 0. The set
K = {s ∈ [a, b] | ρ(s)= 0}
is a not empty, compact subset of [a, b]. Denote by r0 the maximum of K . To get a contradiction, it
suffices to prove that ρ = 0 in a right neighborhood of r0. To this aim, a δ > 0 exists such that the
projection y(s) of x(s) on ∂D, obtained by using the flow of the vector field −∇φ/|∇φ|2, is well-defined
in [r0, r0 + δ] (here | · | denotes the Euclidean distance in RN and N an integer number such that D is
embedded in RN whose existence is given by a well-known theorem of Nash (see [17]). Setting
σ (s)= c
s∫
0
1
β(y)
dτ
and z(s)= (y(s), σ (s)) ∈ ∂S we get by (1.7)
(4.2)HLΦ
(
z(s)
)[
z˙(s), z˙(s)
]
 0 ∀s ∈ [r0, r0 + δ].
Then by (4.2) and (2.4)
ρ¨(s)=HLΦ
(
γ (s)
)[
γ˙ (s), γ˙ (s)
]
HLΦ
(
γ (s)
)[
γ˙ (s), γ˙ (s)
]−HLΦ(z(s))[z˙(s), z˙(s)]
=Hφ
(
x(s)
)[
x˙(s), x˙(s)
]−Hφ(y(s))[y˙(s), y˙(s)]
(4.3)+ 1
2
σ˙ 2(s)
〈∇φ(y(s)),∇β(y(s))〉− 1
2
t˙2(s)
〈∇φ(x(s)),∇β(x(s))〉.
Again as in [10], M1,M2 > 0 exist such that
(4.4)Hφ
(
x(s)
)[
x˙(s), x˙(s)
]−Hφ(y(s))[y˙(s), y˙(s)]M1ρ(s)+M2ρ˙(s)
for any s ∈ [r0, r0 + δ]. Moreover as β and φ are C2, M3 > 0 exists such that
1
2
σ˙ 2(s)
〈∇φ(y(s)),∇β(y(s))〉− 1
2
t˙2(s)
〈∇φ(x(s)),∇β(x(s))〉
(4.5)= 1
2
c2
[ 〈∇φ(y(s)),∇β(y(s))〉
β2(y(s))
− 〈∇φ(x(s)),∇β(x(s))〉
β2(x(s))
]
M3
∣∣y(s)− x(s)∣∣M3ρ(s).
Thus by (4.3), (4.4) and (4.5)
(4.6)ρ¨(s) (M1 +M3)ρ(s)+M2ρ˙(s) ∀s ∈ [r0, r0 + δ].
By (4.6), ρ(r0)= 0, ρ˙(r0)= 0 and the Gronwall Lemma we obtain ρ(s)= 0 in [r0, r0 + δ]. ✷
Theorem 4.4. Let S be a static Lorentzian manifold with differentiable boundary. Then ∂S is
variationally time-convex (respectively light, space-convex) if and only if it is geometrically time-convex
(respectively light, space-convex).
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Proof. In the timelike and in the spacelike cases we can proceed as in Theorem 4.3; we only need to
observe that in the previous proof the projected curve z(s) is timelike (or spacelike) in a neighborhood
of r0. By continuity, it is sufficient to check that γ˙ (r0)= z˙(r0). Denote by η(s, x) the flow of −∇φ/|∇φ|2;
then
y(s)= η(ρ(s), x(s))
and
y˙(s)= ηx
(
ρ(s), x(s)
)[
x˙(s)
]− ∇φ(y(s))|∇φ(y(s))|2 ρ˙(s).
As ρ(r0)= 0, ρ˙(r0)= 0, clearly y˙(r0)= x˙(r0), which implies the required equality.
In the lightlike case this approach fails but the claim is still true. In fact, recall that if γ (s)= (x(s), t (s))
is a lightlike geodesic then x(s) is a pregeodesic of the Jacobi metric (1.5) with E = 0; thus, it is sufficient
to check that ∂D is geometrically convex for this metric. But this is obvious from Theorem 1.5 and the
equivalence of Definitions 3.1 and 4.1 in the Riemannian case. ✷
Remark 4.5. In the proof of the previous theorem we have seen that our first reasoning proves the result
for the timelike and spacelike case, but not for the lightlike one. Analogously, the second reasoning works
in the lightlike and spacelike cases, but not in the timelike case (the Jacobi metric may degenerate).
5. Geodesics joining a point with a line
In this section we shall discuss the existence of geodesics having a prescribed parameterization
proportional to the arc length, joining a point with a line in a static Lorentzian manifold with differentiable
boundary.
More precisely on S = D × R we consider a point w = (p,0) and a line l(s) = (q, s), s ∈ R. Any
curve γ = (x, t) : [0, a] → S joining w and l satisfies x(0)= p, t (0)= 0, x(a) = q. We shall denote by
τw,l(γ ) the arrival time given by
(5.1)τw,l(γ )= t (a).
Throughout this section, we consider geodesics in S satisfying (2.2) with
(5.2)c=√2;
thus, their energies can not be trivially modified by a reparameterization.
In the last years, the connectedness of a point with a line on Lorentzian manifolds has been widely
studied. In [7,9,13] results have been obtained for manifolds without boundary and for negative or null
energies. In [11] and [12], manifolds with convex boundaries have been considered again for E  0. In [1]
a wider range of variability for E has been considered and a result for geodesics on static manifolds with
non differentiable boundary is presented. Finally in [14,15] a Morse theory for this problem has been
stated.
Firstly, we obtain the following result.
Proposition 5.1. Let (S, 〈·, ·〉L) be a static Lorentzian manifold with differentiable boundary, and fix
E ∈ R satisfying E > supD(−1/β).
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(i) ∂D is convex with respect to the Jacobi metric 〈·, ·〉E in (1.5) and (1.4) if and only if any point
w = (p,0) ∈ S and any line l(s) = (q, s) ⊂ S , s ∈ R, can be joined by means of a geodesic
γ (s) = (x(s), t (s)) with energy E such that x(s) minimizes the length for 〈·, ·〉E among all the
curves joining p and q.
(ii) If D is not contractible in itself and ∂D is convex with respect to the metric 〈·, ·〉E then a sequence
{γm} of geodesics with energy E joining w and l can be found. Moreover, if β is bounded from above,
then the sequence can be chosen such that:
(5.3)lim
m→∞ τw,l(γm)=∞.
(Note. If w ∈ l(R) we admit the map γ : [0,0] → S , γ (0)=w as a connecting geodesic of energy E.)
Proof. (i) From Lemma 2.1, such a geodesic connecting w and l with energy E exists if and only if
a minimizing 〈·, ·〉E -geodesic connecting p and q exists. As E > supD V , we have that D ∪ ∂D is a
complete Riemannian manifold with boundary for this Jacobi metric; so, the minimizing geodesic exists
if and only if the boundary is 〈·, ·〉E -convex (see [3]).
(ii) The first assertion is due to the fact that Ljusternik–Schnirelmann category of the space of the
curves joining p and q is infinite. For the last one, recall that geodesics {γm(s)= (xm(s), tm(s))} can be
chosen such that each xm : [0, am]→D is a reparametrization xm(s)= xˆm(rm(s)) of a unit 〈·, ·〉E -geodesic
xˆm : [0, aˆm]→D with diverging length, that is {aˆm} diverges. Explicitly,
r˙m(s)=E − V
(
xm(s)
)
.
But from this reparametrization, (2.2) and our normalization (5.2)
(5.4)tm(am)=
√
2
am∫
0
1
β(xm(s))
ds =√2
aˆm∫
0
1
Eβ(xˆm(s))+ 1 ds,
thus, tm(am)= τw,l(γm) diverges, as required. ✷
Remark 5.2. By Theorem 1.3, it is clear that the convexity of ∂D with respect to 〈·, ·〉E (used in
Proposition 5.1) is a weaker assumption than the convexity of ∂S with respect to 〈·, ·〉L (used in the
above cited papers). Note that we obtain not only a sufficient but also a necessary condition for the
existence of geodesics.
We point out that our techniques work also for strictly positive energies, for which the intrinsic
approach used in [11–13] fails and, if β is bounded from above, also negative energies can be considered.
Finally, under a convexity assumption on the original metric of D the following result can be stated;
its proof is straightforward from Proposition 5.1 and the proof of Theorems 3.2 and 1.3.
Theorem 5.3. Let (S, 〈·, ·〉L) be a static Lorentzian manifold with differentiable boundary. Assume that
both inequalitites (3.2) hold and fix E ∈ R with E > supD(−1/β).
Then any point w ∈ S and any line l(s) = (q, s) ⊂ S , s ∈ R, can be joined by a geodesic with
energy E.
Moreover, if D is not contractible in itself a sequence {γm} of geodesics with energy E joining w and l
can be found. If β is bounded from above, this sequence can be chosen such that (5.3) holds.
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Remark 5.4. Recall that all geodesics obtained in Theorem 5.3 satisfy our normalization (5.2). Thus,
those geodesics with different energies are necessarily geometrically distinct, and a multiplicity result is
obtained even when D is contractible.
Appendix A
As we have already pointed out, Theorem 4.3 and the timelike and spacelike cases of Theorem 4.4
can be extended to the stationary case. Next, we give the main idea of the proof. Nevertheless, our proof
of Theorem 4.4 for the lightlike case uses essentially the specific properties of the boundary for a static
metric; so, we do not know if the result can be extended to lightlike convexity in the stationary case (see
Remark 4.5).
We recall that a (standard) stationary Lorentzian metric on L =M × R is defined in the following
way: 〈
ζ, ζ ′
〉
L
= 〈ξ, ξ ′〉+ 〈δ(x), ξ 〉τ ′ + 〈δ(x), ξ ′〉τ − β(x)ττ ′
for any z= (x, t) ∈L, ζ = (ξ, τ ), ζ ′ = (ξ ′, τ ′) ∈ TzL= TxM×R, where δ is a differentiable vector field
on M and β is a differentiable, strictly positive function on M.
In the stationary case the geodesic equations are given by
(A.1)


Dsx˙ − t˙ curl δ(x)[x˙] + t¨ δ(x)+ 12 t˙
2∇β(x)= 0,
d
ds
(
β(x)t˙ − 〈δ(x), x˙〉)= 0,
where curl δ(x) denotes the linear operator on TxM associated to the bilinear form
curl δ(x)
[
ξ, ξ ′
]= 〈δ′(x)T[ξ ], ξ ′〉− 〈δ′(x)[ξ ′], ξ 〉 ∀ξ, ξ ′ ∈ TxM
with δ′(x) differential map of δ(x) and δ′(x)T its transpose. By (A.1) any geodesic γ (s)= (x(s), t (s))⊂
L verifies
(A.2)(I +A(x))Dsx˙ = t˙ curl δ(x)[x˙] − 12 t˙2∇β(x)−
〈δ′(x)[x˙], x˙〉
β(x)
δ(x)+ t˙
β(x)
〈∇β(x), x˙〉δ(x)
where A(x) :TxM→ TxM is the linear operator defined by
A(x)[ξ ] = 〈δ(x), ξ 〉
β(x)
δ(x).
Note that as A(x) is a non-negative self-adjoint operator, I +A(x) is invertible for any x ∈M. Denoting
by B(x) its inverse, by (A.2) for any z= (x, t) ∈L and ζ = (ξ, τ ) ∈ TzL there results
HLΦ(z)[ζ, ζ ] =Hφ(x)[ξ, ξ ] + τ
〈
B(x)
[
curl δ(x)[ξ ]],∇φ(x)〉− 1
2
τ 2
〈
B(x)
[∇β(x)],∇φ(x)〉
(A.3)− 〈δ
′(x)[ξ ], ξ 〉
β(x)
〈
B(x)
[
δ(x)
]
,∇φ(x)〉+ τ
β(x)
〈∇β(x), ξ 〉〈B(x)[δ(x)],∇φ(x)〉
where Φ,φ are as in (1.3) and (1.2). Consider a geodesic γ as in the proof of Theorem 4.3. By (A.1)
c ∈ R exists such that, for any s ∈ [a, b]
(A.4)β(x(s))t˙ (s)− 〈δ(x(s)), x˙(s)〉= c.
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By (A.3) and (A.4), for any s ∈ [a, b]
ρ¨(s)=HLΦ
(
γ (s)
)[
γ˙ (s), γ˙ (s)
]=A(x(s))[x˙(s), x˙(s)]
where A(x) :TxM× TxM→ R is a bilinear form. We define a projected curve z= (y, σ )⊂ ∂S , where
y is as in Theorem 4.3 and
(A.5)σ (s)=
s∫
0
c+ 〈δ(y), y˙〉
β(y)
ds.
Thus, by the convexity assumption and (A.5)
HLΦ
(
z(s)
)[
z˙(s), z˙(s)
]=A(y(s))[y˙(s), y˙(s)] 0
for any s ∈ [r0, r0 + δ]. As ∂D is differentiable A can be smoothly extended to RN and the proof can be
completed reasoning as in [10].
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